Summary of Convergence Tests for Series

Test

Series

Convergence or Divergence

Comments

nt* term test

(or the zero test)

e

Diverges.if lim a,# 0
N300

Inconclusive if lim a, = 0.
[ R de el

Geometric series

£ ot (w5 )

n=0 n=1

a

Converges to T only if |z < 1

-

Diverges if |z} > 1

Useful for comparison
tests if the n*® term a,, of
a series is similar to az™.

Useful for comparison

1 Converges if p > 1 tests if the n*" term a,, of
p-series Z o . . 1
aml Divergesif p <1 a series is similar to =
oo 0 The function f obtained
Z an (c>0) Converges if / J(z) dz converges from a, = f(n) must be
Integral n=¢ (5 continuous, positive,
an = f(n) for all n Diverges if / flz)dz diverges decreasing and readily
¢ integrable for z > ¢.
Z ap and Z bn Z b, converges == Z an converges The comparison series
Comparison Z by, is often a geometric

with 0 < ay, < by for all n

Z oy -diverges == Z by, diverges

series or a p-series.

Limit Comparison*

Z a, and Z b

with an, by, > 0 for all n

and lim —Z—’l:L>O

n—+oco Oy

Z b, converges == Z @y, converges

Z by, diverges = Z an diverges

The comparison series

Z b, is often a geometric
series or a p-series. To find
by, consider only the terms
of a,, that have the greatest
effect on the magnitude.

Converges (absolutely) if L < 1

Inconclusive if L = 1.

Ratio > ay with lim lenal _ Useful if a,, involves
noeo |ag| Diverges if L > 1 or if L is infinite factorials or n‘* powers.
Converges (absolutely) if L < 1 Test is inconclusive if L = 1.
Root* Z an, with li_lgo Ylan| =L Useful if a,, involves
(3

Diverges if L > 1 or if L is infinite

nt* powers.

Absolute Value

> lanl

Sen

E |an| converges == Z an converges

Useful for series containing
both positive and negative
terms.

Alternating series

i(—l)"‘lan (an > 0)
n=1

Converges if 0 < apy1 < apforalln

and lim a, =0
%00

Applicable only to series
with alternating terms.

*The Root and Limit Comparison tests are not included in the current textbook used in Calculus classes at Bates College.




D e
} Strategy for Testing Series

We now have several ways of testing a series for convergence or divergence; the problem
is to decide which test to use on which series. In this respect testing series is similar to inte-
grating functions. Again there are no hard and fast rules about which test to apply to a
given series, but you may find the following advice of some use.

It is not wise to apply a list of the tests in a specific order until one finally works. That
would be a waste of time and effoit, Instead, as with integration, the main strategy is to
classify the series according to its form.

1. If the series is of the form S I/nf itis a p-series, which we know to be conver-
gentif p > 1 and divergent if p <1

2. If the series has the form S gr*~! or ¥ ar”, it is a geometric series, which con-
verges if | 7| < 1 and diverges if |r| = 1. Some preliminary algebraic manipula-
tion may be required to bring the series into this form.

3. If the series has a form that is similar to a p-series or a geometric series, then
one of the comparison tests should be considered. In particular, if a, is a rational
function or algebraic function of n (involving roots of polynomials), then the
series should be compared with a p-series. (The value of p should be chosen as
in Section 8.3 by keeping only the highest powers of # in the numerator and
denominator.) The comparison tests apply only to series with positive terms, but
if ¥ a, has some negative terms, then we can apply the Comparison Test to
% |a.| and test for absolute convergence.

4. If you can see at a glance that lim,~x a, # 0, then the Test for Divergence
should be used.

5. If the series is of the form S (= 1Y, or S (=1)"b,, then the Alternating Series
Test is an obvious possibility,

6. Series that involve factorials or other products (including a constant raised to the
nth power) are often conveniently tested using the Ratio Test. Bear in mind that
|@s+1/an|— 1 as n — w for all p-series and therefore all rational or algebraic
functions of n. Thus, the Ratio Test should not be used for such series.

7. If a, = f(n), where [* f(x) dx is easily evaluated, then the Integral Test is effec-
tive (assuming the hypotheses of this test are satisfied).




SERIES CONVERGENCE/DIVERGENCE FLOW CHART

TEST FOR DIVERGENCE
| Does limp oo @y = 0? | NO

i
YES
p-SERIES |

IDoes an =1/nP, n>17 I YES {Isp>1? }:: YI\ITEOS
- NO J

GEOMETRIC SERIES
\-->l Does an = ar®™ 1, n > 17 } YES Is jr| < 17 I:: SI{'\IEOS
— xo—

ALTERNATING SERIES
Does ap, = (=1)"by, or

_— I8 by < by & lm bp =07 |__

1 On = (“l)nhlbm bn 2> 07 YES i " "Lngo YES
o] )

TELESCOPING SERIES

Do subsequent terms cancel out previous terms in the Does
s sum? May have to use partial fractions, properties — YES — nlingo Sp =8

of logarithms, etc. to put into appropriate form. s finite?

NO )
TAYLOR SERIES '
) .y YES
Does a,, = £ ”!(al (x —a)"? — YES —>| Is  in interval of convergence? ’ NO
NO
{4

{ Try one or more of the following tests: l
[ ; [ 15 0 < ap < ba? | YES

COMPARISON TEST YES— - ] - |
\—»I Pick {b,}. Does ¥ b, converge? |[ NO )

NO
T s0<b, <a? | YES
LIMIT COMPARISON TEST
A A G 00

- Pick {bn} Does nl_l_,n;o 2=c>0 VES Does Z by, converge? YES

¢ finite & an, by, > 07 — ———NO

INTEGRAL TEST
Does an, = f(n), flz) is contin-

o0
M uous, positive & decreasing on |— YES —| Does / f(z)dz converge? — YES
[, 00)? 2 [ NO

RATIO TEST
h—{ IS Littin o0 |11 /tn| # 17 — YES ——| s lim |22 <17 [ YE(S)
ROOT TEST oS

: = — p T
N Is limp oo ¥/ lan| # 17 YES Is nlggo Ylan| < 17 0
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Problems 1-38 from Stewart’s Calculus, page 784
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