Volumes of Rotation — Solutions
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Problem 1: The volume of a sphere of radius r is V = ?ﬂr?’. Prove this by finding the volume

created by revolving the curve y = v/r? — 22 about the z-axis.

Solution.

Using disks, we have. ..




Note that if y = V72 — 22 & x = +4/r2 — y2. If we do this by shells, we have. ..

V:27T/r-hdy
=27T/0Ty‘<m—(—\/m>> dy
=27r/ory-2\/mdy
=4W/0rymdy

d
Now let u = 2 — y2. Then we have du = —2y dy so that dy = —QU We need the new upper and
—<4yY

lower limits: if y = r, then u = 0 and if y = 0 then u = r2. Then we have. ..
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Problem 2: The volume of a right circular cone with base radius » and height h is given by V' =
1

gm*zh. Prove this by finding the volume created by revolving the region bound by y = h — %x,
z-axis, and y-axis about the y-axis.

Solution.

Note thaty = h — %x & x = 1 (y — h). Using disks, we have. ..
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Now using shells, we have. ..
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Problem 3: Find the volume formed by the surface created by rotating the area bound by the curve
y = x2/3, x = 1, and the z-axis about the y-axis.

Solution.

y=x

Note that y = 2%/3 < 2 = y%/2. If we do this by washers, then we have. ..

However using shells, we have. ..

V:27r/r-hdx

1
:27r/ x - 223 dx
0

1
:27r/ 25/ dx
0

50f9



. . . 5
Problem 4: Find the volume of the figure formed by rotating the area y = —,x =5, r=1,and
X
the x-axis around the y-axis.

Solution.
Yy
5 1
0.2 t —
| X
If we do this by shells:

V:27r/7“-hd:v

5
5
:27T/ J:-—zdzn
1 X
5
5
:27r/dac
1 X
5
1
:107T/d:1:
1 T

5
= 107 In |z|

1

= 107T<ln5| —ln\1|>

= 107 In(5)

5 5 . . . . .
Note thaty = — & 2 = \/> . Now if we do this by washers (notice we will need two integrals
T )
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for this):

V:ﬂ/RQ—TQdy
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Problem 5: Find the volume created by the surface formed by rotating the area between the curves
y =3z —4and y = 2? — 4z + 6 around the line y = —2.

Solution.

First, we need to know where the curves intersect. Let f(z) = 3z — 4 and g(z) = 2? — 4z + 6.
Then

f(x) =g(x)
3r—4=2>—42+6
2? —Tr+10=0
(x—2)(x—=5)=0

Therefore, they intersect when « = 2 and = = 5, which implies that they intersect at the points
(2,2) and (5,11).
Using washers, we have. ..

V:T('/(R2—7“2)d.7)

:w/: ((3x—4) _ (—2))2 _ <($2—4x+6) _ (-2))2 da

5
7T/ (32 —2)% — (2% — 4z +8)* dx
2

5
7T/ (922 — 122 + 4) — (2* — 823 + 322% — 642 + 64) dx
2

5
:77/ —x* + 823 — 2322 + 522 — 60 dx
2
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Note thaty = 32 —4 & = = andy = 2> —4x + 6 < v = 2+ /y — 2. [For the second

equation, complete the square on the right side and then solve for x.] Now using shells, we have. ..
V= 27r/r -h dy
1 y+4
on [ - -2 (4 vim2) - (U50) ay
11 1 4
27T/ (y+2)- <2+\/y—2—3y—3> dy
2
11 /g y?
:27T/ <3+2\/y—2+y\/y—2— 3) dy
2

We will not integrate this out. The first, second, and fourth terms are routine to integrate. For the
third term, use u-substitution with v = y — 2, du = dy to obtain [y/y —2 dy = [(u + 2)v/u du,
which is routine to integrate. When all the integration is done, we obtain. ..
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