Math 397: Exam 2 Name: Caleb M*Whorter — Solutions

Summer Session IT — 2017
07/27/2017
120 Minutes

Write your name on the appropriate line on the exam cover sheet. This exam
contains 12 pages (including this cover page) and 8 questions. Check that you
have every page of the exam. Answer the questions in the spaces provided on the
question sheets. Be sure to answer every part of each question and show all your
work. If you run out of room for an answer, continue on the back of the page —
being sure to indicate the problem number.

Question | Points | Score
1 12
2 10
3 16
4 10
5 10
6 15
7 15
8 12
Total: 100
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1. (12 points) Evaluate the following limits. If the limit exists, prove that it exists; if the
limit does not exist, explain why.

2 2
@ lm L
(zy)—(0,0) ==+ Y

Approaching along the x-axis, where y = 0:

a2 —=0+0% | a2?
Im———— =1lim— =1
z—0 :L‘z—|—02 1‘*)0.’];'2

Approaching along the line x = y:

R e T
lim = lim — = -
z—0 2 + 2 2—0 212 2

6xe?Y —sinycosw

(b) lim
(2,9)—(1,0) r? —y?
6zeY —sinycosx . .
Because is continuous at (1,0),

I2_y2

, 6zeY —sinycosr  6(1)e” —sinOcos1 6 —0
lim = = =6
(2,9)=(1.,0) z? —y? 12 — 02 1
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© ot — 223y — 2%y% + 2297
im
(zy)—=(2,1) x? — 2xy

ot — 223y — a2y + 2xy®

- . 3(x — 2y) — xy?(z — 2y)
lim 5 lim
(@.y)=(21) r? = 2xy ()= (2,1) z(z — 2y)
N €t 0 Gt )
(29)—(2,1) z(x — 2y)
o AlE =29 )
(z,9)—(2,1) z(z — 2y)
= lim (2® —¢?)

(z,y)—(2,1)
=22-1*=3
2 a2
@ lim —nY
(z,y)—(0,0) 322 + 292
22
Observe that 2% < 32? < 322 + 2y? so that ———— < 1. But then
312 4 212
?sin’ y .2 ’ .2 2
m = (S1n ym SlSln y’].|:SlIl Y

However;, lim sin?y = 0. Therefore by the Squeeze Theorem,
(z,y)—(0,0)

) z?sin?y
hm —_— =
(z.)—(0,0) 322 4 2y?
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¥ +yIn(2y) — 2
coS T

2. (10 points) Let f(x,y,z2) =
[you need not simplify]:

. Find the following partial derivatives

Of  ya¥lcosz — (—sinz)(z¥ 4+ yIn(2y) — 2)

@) dr cos?
) % _ 2¥Inz + In(2y) + 1
Y CoS T
of -1
© 9z cosx

O*f  cosx(yxV 'Inz42¥!) — (—sinz)(2¥ Inx 4+ In(2y) + 1)
dydr cos? x

(d)

0% f
(e) @:0
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3. (16 points) Complete the following parts:

(a) Set up but do not evaluate an integral find the arclength of the curve given by
2

z(t) = V2t y(t) = % and z(t) = Int for 1 <t < 4.

o'(t) =2
y'(t) = t1

Therefore, we have

/4 \/(\/5)2 82+ (1/1)? dt

(b) Find the tangent plane to the function f(z,y,z) = 2%y + 3z cos(yz) at the point
(1,2,0).

Vf = (2zy,2° — 32%sin(yz), 3 cos(yz) — 3yzsin(yz))
V£(1,2,0) = (2(1)2,12 — 3(0) sin 0, 3 cos 0 — 3(2)0sin 0) = (4,1, 3)
Then have
4,1,3) - (z — 1,y —2,2—0) =0
Az —1)+1(y—2) +3(z—0) =0
dr —4+y—2+32=0
dr+y+32=06
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(c) Find the total differential for the function f(z,y,z) = y\éf
z

df = Ve

9
do + 5 dy+ —5 yf

22\/_

(d) Use the method of total differentials to approximate /7.4 - T

We use the total differential of f(x,y,z) = y\/_

—6 —1 1
that dz = —0.6 = —, dy = —0.1 = 10’ dz =01 = o Finally, f(8,1,1) =

‘ 10
1-/8

= 2 so that

-1 4
20 20 20
13

20

13 40 13 27
Then f(7.4,0.9,1.1) = f(8,1,1)+df =2 — 20320 3090 1.35. Note that
the true value is 1.44944 - - -, meaning we have approximated the true value with

only a 6.9% error!
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4. (10 points) Complete the following parts:
(@) Let f(z,y,2) = 22 + yz? — cos(zyz). Find V f(1,7,1).

\Y

f = (2xz + yzsin(zyz), 22 + zzsin(zyz), 2* + 2yz + zysin(zyz))
Vf=(21)1+7wsinm, 1> +sin, 1 + 27 sin )
{

{

240,14+0,1+ 27 +0)
2,1,1+ 2m)

A~

Let V(z,y,2) = (z +y2)1+ (y + 22)j + (2 + 2y) k.

(b) Find Div V.

0 0 0
V-V= g(x—kyz)-l—a—y(y—kxz)—l—&(z—kxy)
=1+1+1
(¢) Find curl V.
i j k

VxV=|9/0x 0/0y 0/0z

r+yz yYy+xrz z+xY

:i(i(z+xy)_§z(y+xz)) _j(gﬂ(z—kxy)—ai(mﬁ—yz))+f<<aax(y+xz)—aay

=i(z —2) iy —y) + k(z — 2)
= (0,0,0)

=0

(z + yZ)>
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5. (10 points) Let S be the surface given by f(z,y) = z* — %
(a) Find D, f(2,—1), where u = (1, —1).
2
v = (2 )
Vf(2,—-1)=(4,-2)
lul = /12 + (-1)2 = V2
gy T L o1y = O

(b) Find the direction of steepest ascent and descent on this surface at (2, —1).

The direction of steepest ascent is V f (2, —1) = (4, —2), while the direction of steepest
descent is —V f(2,—1) = (—4,2).

(c) Find the maximum and minimum rates of change for f(z,y) at the point (2, —1).

The maximum rate of change is |(4,—2)| = V16 +4 = /20 = 2+/5, while the
minimum rate of change is —|(4, —2)| = —v/20 = —2+/5.
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6. (15 points) Identify and determine the nature of any critical points for the function
f(xa Y, Z) = 1’3 + ZL’Z2 — 31'2 + y2 + 222.

fo =32+ 2> — 62 fox =62 —6="06(x — 1)
fy =2y Sy =2
fo=2x24+42=22(x+2) f..=2(z+2)

fwyzo

fxz:2z

fyzzo

Therefore, the critical values satisfy the equations

3224+ 22—6x =0
2y =0
2z(x + 2) =0
Now 2y = 0 so that y = 0. But 2z(x + 2) = 0 implies that 2z = 0 so that z = 0 or
x+2=0sothat xt = —2. If z =0, then
32° + 2 — 6 =0
3224+ 0—6x=0
3r(r—2)=0
so that x = 0 or x = 2. This gives solutions (0,0,0) and (2,0,0). Now if v = —2, then

322422 —6x=0
3(—=2)? 4+ 22— 6(—2) =0
2 +14=0

which implies that »*> = —14, which is impossible. Therefore (using the fact that f(z,y, z)
is smooth), the only critical values are (0,0,0) and (2,0,0). The Jacobian is

6(z—1) 0 2z
0 2 0
22 0 2(z+2)

At (0,0,0), the matrix is

—6 0 O

0 2 0

0O 0 4
so that dy = —6, dy = —12, and d3 = —48 (note the matrix is diagonal); therefore,
(0,0,0) is a saddle point. Now at (2,0,0), the matrix is

6 0 0
020
00 8

so that d; = 6, dy = 12, and d3 = 96; therefore, (2,0,0) is a minimum.
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7. (15 points) Find the maximum volume of a rectangular box contained in the ellipsoid
2?2 + 9y? + 422 = 9. [Hint: Explain why this box must have vertices lying on the
ellipsoid and why one of these ‘corners’ must lie in the first octant. Call this point
(x,y, z). Express the volume of the box in terms of this point and proceed.]

‘Clearly’, the box of maximum volume has all vertices lying on the ellipse (otherwise, it
could be made larger) and has sides parallel to the coordinate axes. So one vertex is in the
first octant, where x > 0,y > 0,z > 0. Let (z,y, z) be this vertex. The volume is given by
V(x,y,2) = (22)(2y)(22) = 8zyz. The ellipsoid is given by E(x,y, z) := 2>+ 9y*+42%2 9.

VV = \VFE
(8,yz,8,x2,8,xy) = A2z, 18y, 82)

Then we have a system of equations

8yz = 2\x
8rz = 18)\y
8ry = 8A\z

22+ 9%+ 422 =9

8 8 8
Then we have )\ = ye _ %2 _ %Y so that
2x 18y 8z

- dyz  drz  wy

o 9y z
The second equality gives 36y*z = 42z so that 9y*> = z2. The third equality gives
422 = 9xy? so that 42* = 9y Using x? + 9y* + 422 = 9, we then find 9y? + 93> + 9y* =
9 so that 27y* = 9 which means y*> = 1/3. But then z* = 9y? = 9(1/3) = 3 and
42 = 9y? = 9(1/3) = 3, which means 2*> = 3/4. As x,y,z > 0, we have v = /3,
y = 1/v/3, and z = v/3/2. But then the maximum volume is

V(V3,1/V3,V/3/2) =8V3-1/V3-V3/2 = 4V/3

.
.........
''''''
L& . 7
'''''
a .
el e
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8. (12 points) Complete the following parts:
2 e’
(a) Sketch the region of integration and evaluate / / 3y? dy dx.
0 —e®

2 et 2
// 3y2dyda::/ y?
y 0 —eZ 0
2

y=e”

dx

y=—e®

I
N
—~
Q)

w
3
|
—~
|
)
w
3
S~—
S~—
QL
8

(b) Set up but do not evaluate the bounds for the integral // xy dA, where R is the
R

region enclosed by y = g, y =+, r=2,and r = 4.

4 vz
/ / xy dy dx
2 Jx/2
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4 2
1
(c) Evaluate / / 0x5 dy dzx.
0 Jz l+y

Note that y = \/x < y*> = z. Then

Y

‘ x

4 p2 2 2
10 Y10
// $5dyda::// x5dxdy
o Jyzlty o Jo 1+y
2 1 y?
= 10z dx dy
/0 1+y5/o
2 5.732 z=y?
_/0 1+y5x:0

2 = 4
:/ 5y5d
o 1ty

y=2

=In|l+y’|

y=0
=In|l1+2°|—In|1+0
= In(33)



