MAT 397: Exam 2 Name: Caleb M*Whorter — Solutions

Spring - 2020
04/03/2020
180 Minutes

Write your name on the appropriate line on the exam cover sheet. This exam
contains 14 pages (including this cover page) and 11 questions. Check that you
have every page of the exam. Answer the questions in the spaces provided on the
question sheets. Be sure to answer every part of each question and show all your
work. If you run out of room for an answer, continue on the back of the page —
being sure to indicate the problem number.
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1 15
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MAT 397: Exam 2 2of 14

1. Determine the following limits. If the limit exists, compute its value. If the limit does
not exist, prove it.
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Therefore, the limit does not exist.
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We know that |sinz| < 1 for all z. We also know that y* < z* + y? so that
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e + Y — 2?

2. Let f(x,y,2) = . Find the following:

1—=z2

e +aye™ +y*Iny e (1+xy) +y"Iny
1—-=z B 1—2

(a) (4 points) f, =

x261y + xyzfl

(b) (4 points) f, = -

. (1= 2)(—2z2) = (—1)(ze™ 4+ y* — 2%)  —2z+ 22"+ xe™ +y* —2F
(¢) (4 points) f, = 122 = =S =
e + Y + 22 — 22

(1-2)?

$2€xy + :L.y:rfl

(d) (4 points) f,. = TE=SE
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3. (15 points) Define the following functions:

LL‘Q

f(xa y) = ?
z(m) = tan(Inm) + 3 m(s,t) =3 —t\/s

y(n) = n? — arctann — 1 n(s,t) = 2 — te(t=29)

Compute Z—J; when (s,t) = (1,2).

Using the Chain Rule, we have
af Of dx Om Of dy On

9t " 0z dm ot 0y dn ot

Ifs=1andt =2, then m(1,2) = 3 —2v1 = 1 and n(1,2) = 2 — 25"2-2)) = (. But
then we have z(1) = tan(In1) + 3 = 3 and y(0) = 0> — arctan 0 — 1 = —1. Therefore, we

have points
(l'a y) = (37 _1)
(m7 n) = (17 0)
(57 t) = (17 2)
Now taking derivatives, we find
0 2
of 2z _
ox Y | 2=3
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d 1
% =sec’(Inm) - — . =1
om
_— = — = —]_
0t \/g s=1
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dy Y2 | =3
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o - =1
dn 14+n?|,_,
0 , :
T _esin(t=29) _yesin(t=29) . oo5(4 — 25)|  =-1-2.1-1=—3
3t s=1
t=2
Therefore,
of
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4. Let S be the surface defined by z = = — ¢

(a) (10 points) Find the equation of the tangent plane to S at (2, —1,1).

Let F(x,y,2) = z — x + y*. Then the surface S is given by F(z,y, z) = 0. We have

VE=(-1,2y1)| , =(-1,-21)
y=—1
z=1

Then the tangent plane is given by

(—1,-21) - (z -2,y — (—1),2—1)=0
—1(z—-2)—-2(y+1)+1(x—1)=0
—r+2-2y—242—-1=0
—r—2y+z2—1=0
T+2y—z=-1

(b) (1 point) Find a direction perpendicular to S at (2, —1,1).

If a surface S is given by F' = 0, then V F is a direction perpendicular to the surface.
Therefore, a direction perpendicular to S at (2,—1,1) is (—1,—2,1). Equivalently,
(1,2, —1) is perpendicular to S at (2,—1,1), as is k(—1, —2, 1) for any nonzero k.

(c) (4 points) Find the equation of the normal line to S at (2, —1,1).

o) =mit+ b

0t) = (—1, -2, 1% + (2, —1,1)
0(t) = (—t,—2t,8) + (2,—1,1)
0t) = (2 —t,—2t — 1t + 1)
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5. Let f(xz,y,2) = a0 +2,/y — '

(a) (3 points) Compute f(1,9,4).

F(1,9,4) =10 429 - =142(3)—1=6

(b) (6 points) Find the total differential for f(x,y, 2).

C(f éf CrJ 9 1 4—z
= o == ——dz=1 —
df xdx+5ydy+izdz Oz d:c—l—\/gdy—i-e dz

(¢) (6 points) Approximate (0.99)1° + 21/8.7 — e*1,

1
df =10(1)-—=0.01+ — - —03+¢€"-0.1=-01—-0.140.1=—0.1
f = 10(1) NG

Then we have

(0.99)'% +2v/8.7 — e*! = £(0.99,8.7,4.1) ~ f(1,9,4) +df =6 —0.1 =5.9
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6. The temperature in the region of a research facility is given by the function

flz,y) = 3

where z is the number of miles East/West (+z/—z) from the facility and y is number
of miles North/South (+y/—7) from the facility. Suppose you are at a point 4 miles
East and 2 mile South of the facility, i.e. (z,y) = (4, —2).

(a) (6 points) What is the rate of change in the temperature if you are hiking straight
towards the facility?

This is Dy f(—2, 1), where u the direction towards the facility at (4, —2). Now (0,0)—
(4,—2) = (—4,2) and ||(—4,2)|| = /(=4)2+22 = v/20 = 2v/5. Now we have

gradient
8+4+¢e 1+ 2"
- < > — (3.1)
-2

2x+ez+2y 1_|_2ez+2y
3 7 3

Vf(fv,y)=< T 3

Then we have
_ (—42) 3(=4)+1(2)  -12+2 -10 -5
L e Y R S N/ VAR S

(b) (2 points) At your current position, what direction does the temperature increase
most rapidly?

Vfi4,-2)=(31)

(c) (2 points) At your current position, what direction does the temperature de-
crease most rapidly?

-Vf4,-2)=—-(3,1) =(-3,-1)
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(d) (3 points) Approximately how far must you travel in the direction you gave in

(c) to see a decrease of — in the temperature?

V5

Rate of Change - Distance = AT
Duf(=2,1)-d = AT

1
—\/de—ﬁ

d:

ot =

Distance = 0.20 miles

Therefore, you need to travel approximately 0.20 miles.

(e) (3 points) At your current position, what is a direction you can travel so that the
temperature does not change?
There is no change at (x,y) in the direction u if D, f(x,y) = 0. We then have

0=Duf(=2,1)=Vf(4,—2)-u=(3,1)-u

Therefore, any direction u (not necessarily a unit vector) perpendicular to V f(4, —2)
will suffice. For example, (1, —3) is such a factor. Writing u = (a, b), we have

0=(3,1)-u=(3,1)-(a,b) =3a+b

Then b = —3a so that u = (a,b) = (a, —3a) = a(l, —3) for any nonzero a € R is the
collection of all such vectors.
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7. (16 points) Find and classify all critical points for the function f(x,y) = e *(z*+ 3y?).

We have

fo=—e""(2? + 3y*) + 22" = (22 — 2* — 3y*)e *

fy = 6ye ™"

foo = —€ (20 — 2% = 3y*) + (2 —27)e " = e (2 — 22 — 22 + 2% + 3y?) = e “(2 — 4z + 2° + 3y?)

f:vy = fyoc = —06ye™”

fyy = 67"
Now we set f, = 0 and f, = 0. From f, = 0, we know that 6y = 0 or e™* = 0. But
e~ " is never 0 so 6y = 0, which implies y = 0. But then y = 0 in f, = 0 so that we
have 0 = 2z — 2> — 3y?)e ™ = 2z —2%)e ® = z(2 —z)e . As e ® # 0, then x = 0 or
2 — x = 0. Therefore, x = 0, 2. Then the critical points are (0,0) and (2,0). We form the
Hessian:

(fzx fxy) o (e—az(2 — 4 + x? + 3y2) —6y€_I>
fyr fyy _6y6_x 6e™ "

Now we examine sequence of principal minors for the critical points:

[60(2—0+0+0) 00} _ [2 0]

0 6e 0 6
(0,0) :
dy=2>0, dy=2(6)—0(0)=12>0
|:6_2(2—4(2) +2240) 0 ] B |:—26_2 0 ]
0 6e 2| | 0  6e?
(2,0) :

di=—-2¢2<0, dy=-12¢"%<0

Therefore, (0,0,0) is a local minimum and (2,0, 4e~?) is a saddle point.
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8. (16 points) An exoplanet’s orbit about its star is given by z%+y* = 1, i.e. the exoplanet
has a circular orbit. The planet has 12 moons, and number of moons on the dark side
of the planet at a point (z,y) in its orbit is given by f(z,y) = 2% + 4zy + y* + 4. Find
the greatest and fewest number of moons you could see at night on this exoplanet.

Let g(z,y) = 2% + y* — 1 so that the path of the planet is given by the curve g(x,y) = 0.
We then want to maximize f(x,y) with respect to the constraint that g(x,y) = 0. Now

Vf(z,y) = AVy(z,y)
(2x + 4y, 4z + 2y) = \(2z, 2y)

Equating components, we have a system of equations

2 4+ 4y = 2 \x
dr + 2y = 2y
12—'—3/2:1

Note that neither x nor y can be 0. For example, if x = 0, then from the second equation
we find that 4x = 0 so that x = 0. But then x? + y*> = 1. This follows mutatis mutandis
for y = 0. Then solving for X in the first and second equation, we find

r+2y 2x+y
Ty

)\ =

Then cross multiplying we find
222 + zy = xy + 2y

But then 2z = 2y?, which implies x*> = y*. Then 0 = 2*> —y* = (v —y)(z +y). Therefore,
t=yorx=—y Thenl = 2%+ 4> = 2? + (£x)?> = 22° s0 that * = +1/v/2. Now
y = =+a. Ifv = 1/V/2, then y = +1/V2. If v = —1//2, then y = F1/+/2. Then we have
solutions (£1/v/2,+1/+/2), where the signs are taken independently. Finally, (taking the

signs simultaneously)
1 1
+t—F—=)=3
d < V2 qE\/i)

1 1
+— +— | =7
1(=75+7)
Therefore looking up at the night sky, you would see as few as three moons and as many
as seven moons.
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9. Complete the following parts:

0 p4
(a) (8 points) / / rsin(y?) dy dx
_9Jz2

/.

r

rsiny? dy do =
xQ

4 70
/ / rsiny? dx dy
0 J=vy

4 1'2 =0
= / ?sin > dx dy
0 z:—\/g

1 [

= ——/ ysiny2 dy
2 Jy

1 —cosy? y=t
2 2 |,

1
= Z(COS 16 — cos0)

_C0816—1
N 4

(b) (8 points) Compute the volume bounded by x + 2y + 3z = 4 and the coordinate

planes by using a triple integral.

] -

This is more easily computed by noting 16 — 24z + 922 = (4

4/3 (4—32)/2 [4—2y—3z
/ / / 1 dx dy dz
0 0 0
4/3  (4-32)/2
/ / 4—-2y—3zdydz
0 0

4/3 y=(4-3z)/2
/ 4y — y2 — 3zy
0 y=0

[ (5

4 — 3z
2

2

1 [4/3

f/ 16 — 24z + 922 d=

4 0

1 z=4/3

— (162 — 122 + 32%)

4 z=0

1 4 4\? 4\?
Zl16.-=—12-( = 3.(=
(o (5) 4 ()
1 4 4 16

.- (16-12-=+3-—=

4 3( 3" 9)
148 48 16\ _16

3\3 3 3) 9

—32)2
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10. Complete the following parts—you need not evaluate any of the integrals:

(a) (5 points) Change the following integral to polar coordinates: / /

v

1 rl w/4  psec6 : w/4  psec6
Y rsin 6 )
—d:z:dy:/ / -Td?“d@z/ / rsind dr df
/0 /y vVa?+y? 0 0 Vr? 0 0

dx dy

d) & points) Change the following integral to cylindrical coordinates:

/ / / xz dz dr dy
x2+y
2 pa/4—y? 2 T p2 p2 T p2 p2
/ / / xzdzdxdy:/ / /(rcos@)z'rdzdrdez/ / / zr®cosf dz dr df
0 J—r/4—y? J\/x2+y? 0 Jo Jr 0 Jo Jr

(c) (5 points) Change the following integral to spherical coordinates: / / / z dV,
R

where R is the bounded by z = /y? + 22 and the sphere 2 + ¢*> + 22 =9

3r/4 3r/4  pr/4 3
///de / / / (pcos@)-p*sing dp df dp = / / / p®sin ¢ cos ¢ dp df do
—7/4 —7/4J0
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11. (15 points) A steel plate has density function §(z,y) = = + y, and shape given by the
region R given below:
A y

9)

Find the total mass and the center of mass for this steel plate.

M://R(s(x,y)dA:/OQ/:_m(ery)dydﬁ:/: (:vy+y;)
[ e-D) w2 D) ay -

y=2—x 2 2
9 _
d:)::/m(Q—x)+( ?) dx
0

y=0

z=0

2—x 2—x 2 y=2—2x
M, //x&xy ) dA = // z(r +y) dydx—// (2% + 2v) dydx—/ ($2y+x %)
y=0
2 4 r=2
:/ (x2(2 T)+ 1w ( )dac:/ (Qx—x—) d:cz(:cQ—x—>
0 0 2 8 R
1
= ——6:4—2:2
8
2—x 21 y2 y3 y=2—x
M, = //yéxy ) dA = // y(r +vy) dyda:—// a:y—i—y dydg;—/ <x5+§) dx
y=0
e2—a)  (2-a) / o 3 N
= — —_2 — _ —_
/0( 5 + 5 dx = 6 ZB+3 dx 51 :r~|—3:17 .

16 4+16_2 12+16_2—12+16_6_2
24 3 3 3 3 3 3

Therefore, the total mass is M = 8/3 and the center of mass is

(@.9) = (%%) (833 833) (i i)

Note: The region is symmetric about y = x and so is the function §(x,y). Therefore, we know M, = My, so only one need be

computed.



