Bootcamp: Prepare Yourself for Calculus III

This packet is to help you refresh on previously learned material that will be essential in Calculus III. In addi-
tion, it will serve as a resource for you throughout the semester to help ensure you have a solid foundation on
which to build your Calculus III knowledge. Please keep in mind that this packet is designed to help you re-
view and refresh on many previously learned topics, but there may be other topics not included in this packet
that you also will be expected to know. However, if you ever find yourself struggling, please seek help.
There are a plethora of resources available to help you be successful. These resources include:

1. The Calculus Help Center (Carnegie 102): http://math.syr.edu/undergraduate/math-help.html
2. The Center for Learning & Student Success (Lower Level of Bird Library): http://class.syr.edu/
3. Your T.A.

4. Your instructor
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1 Common Graphs

1. y=sinx

This section details a list of common graphs that you should know. Please review and famliarize yourself with them
1.1 Trigonometric Graphs

as you may need to recall them at various times throughout the semester as well as subsequent Calculus courses.

a. This is a continuous, periodic function
b. Its domain is (—o0, 00).

1,,

¢. This is an odd function, i.e. sin(—x) = —sinx

_1 1

2. y=-cosx
a. This is a continuous, periodic function.
b. Its domain is (—o0, 00).

c. This is an even function, i.e. cos(—x) = cosx
1 .




3. y=tanx
a. This is a periodic function.

™
b. Its domain is all real numbers except x = 5 + nm, where n is an integer.

c. It is continuous on its domain. -
d. It has vertical asymptotes where cosxz = 0 i.e. at * = — 4 nm, where n is an integer.

5
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1.2 y=e¢"and y=Inz

1. y=¢e"
a. This is a continuous function.
b. Its domain is (—o0, 00).
c. It is a one-to-one function.

20 4
15 ¢
10 +
5 A4
— 1
-2 -1 1 2 3
2.y=Inzx

a. This is a continuous function.
b. Its domain is (0, 00).
c. It is a one-to-one function.

1,,

1.3 The Absolute Value Function

1.y =| .
-z, <0

. This is a piece-wise defi f ion. y =|x =
a is is a piece-wise defined function. y =| { v 23>0

b.This is a continuous function.
c. Its domain is (—o0, 00).
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1.4 Algebraic Functions

1. y=a?
a. This is a continuous function.
b. Its domain is (—o0, 00).
c. This is an even function.

4
Yy
3 iR
2 iR
1 iR
-2 -1 1 2
2. y=a’
a. This is a continuous function.
b. Its domain is (—o0, 00).
c. This is an odd function.
Yy
5 iR
T
1 2

a. Its domain is [0, 00).
c. This function is continuous on its domain.

3
Y




LYy =—
T

a. Its domain is (—o0, 0) U (0, 00).
b. This function is continuous on its domain.
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1.5 Inverse Trig Functions
1. y=sin"'z = arcsinz
a. Its domain is [—1,1].
m™ T

b. s range is [~ 5.2
S range 1S 29

NIE]

®

Y

INIE

2. y = cos ! x = arccos &
a. Its domain is [—1,1].
b. Its range is {O,w}.

T A

Y

N

-1
3. y =tan" !z = arctanz

a. Its domain is (—o0, 00).

™ T
b. T range s (~ 2,7).
S range 1s 29

®

NIE]

Y

(NI}



2 Trigonometric Identities

This section details commonly used trigonometric identities.

2.1 Reciprocal Identities

1
1. cscx = —
sin x
1
2. secx =
CcoST
1
3. cotx =
tanx

2.2 Quotient Identities

sin x
1. tanx =
cos X
CcoS X
2. cotx = —
sin

2.3 Pythagorean Identities
1. sin?z +cos?z =1

2. tan’z +1 =sec’x

3. 1+ cot?z = csc?x

2.4 Double Angle Identities
1. sin (2z) = 2sinz cos x

2 2

2. cos (2z) = cos’ x —sin®x = 2cos’x — 1 = 1 — 2sin’

2.5 Half-Angle Identities

1
1. sin®z = 3 (1 —cos (22))

1
2. cos’x = B (1 + cos (2z))



3 Lines

This section reviews the equations of lines and properties of lines.

3.1 Forms of Equations of Lines

1. General Form: Ax + By = C for constants, A, B, and C.

2. Point-Slope Form: y — y; = m(x — x1), where m is the slope of the line and (z1,y1) is a point on the line.
3. Slope-Intercept Form: y = ma + b, where m is the slope of the line and (0,b) is the y-intercept.

4. Vertical Lines: = = a.

5. Horizontal Lines: y = b.

w

.2 Facts about Lines

The domain of linear functions is (—oo, 00).

A vertical line is not a function.

Parallel lines have the same slope.

Perpendicular lines have negative reciprocal slopes.
A horizontal line is perpendicular to a vertical line.

Sri o=

10



4 Complex Fractions

4.1 Simplifying Complex Fractions
Method #1:
1. Create a single fraction in the numerator and a single fraction in the denominator.

2. Apply the division rule for fractions, i.e. multiply the numerator by the reciprocal of the denominator.
3. Simplify.

Method #2:

1. Find the Least Common Denominator (LCD) of all denominators in the complex fraction.
2. Multiply the numerator by the LCD and multiply the denominator by the LCD.
3. Simplify.

Examples
- o . 4+ 2
1. Simplify the complex fraction using the above described method #1. T‘;
2
1 4x 1 441 2
1 e 1 dadl gy ? dz+1) 4
Solution: 925 = 3;2 xg = 3m§+2 _ T + . f _ l‘( f + ) _ 3’32 +x
E— = 4+ 2 - Z 3x% 42 3x? 4 2 3z2 42
L : , . 441
2. Simplify the complex fraction using the above described method #2. 5T 5
72

o
441 441 2 4 + 2 42
Solution: §=< ”5)(362): ¢:x2+x
3+ 2 3+ 5 x 3@_,_%’ 322 +2

4.2 Exercises

1
i
= E

3

2

3 2
x+1 r—1
2. 45—

x—1 x+1

11



5 Completing the Square

The goal of completing the square is to rewrite a quadratic function of the form y = a2? + bx + c into the form
y=alxr—h)?+k.

5.1 Method
Method: How to Complete the Square:

1 0

1. Put parentheses around the ”x” terms, i.e. y = (ax2 + bm) +c.

a

1/b 1/b\12 b\’
3. Compute 3 <a) and then square your result, i.e. [5 ()} = < > .

a 2a

b
2. Factor a out of the parentheses, i.e. y = a (332 + 33) +c.

4. Add your result from step #3 inside the parentheses and subtract a times this result outside to keep your equation

b b\° b\*
balanced! That is, y = a <x2 + —x+ <) ) +c—a <> .
a 2a 2a

5. Write the result from Step #4 in the form y = a(z — h)? + k.

Examples: Complete the square to rewrite the function in the form y = a(z — h)? + k.

l.y=a2?>—4z+1

Solution:

_4\?
Yy = (12 - 4x) + 1; now for step #2 a = 1 so move to step #3. (2> =14

y:(x2—4x+4)+1—4:(m—2)2—3,therefore y=(z—2)7>-3

2.y =5x?—4x -2

Solution:

[N
]
~_
\
N
w0
o
S
=]

)]
-t
@

ke}
Ik
o
7N
[N
L—
|
| L
~~
(V]

Il
7N
|
o,
~~_
(V]

Il

N}
cn‘*“

y—5x24x2—(5x24x)2—5<x2

5]
YOI U I P (B G 2\, 4, 2\* 14
Y=\ T 5% T a5 %) °\" "5 5 2\ 5 5

2\? 14
therefore, |y =5 (g; _ ) _ =

5.2 Exercises

Complete the square to rewrite the function in the form y = a(z — h)? + k.

1. y=2a2%+6x+11

4, y= 32>+ 6x — 14
2. y=—ax?+5x—32

5. y=2x2+x—-7
3. y=22%+8x+23

12



6 Logarithms

6.1 Properties of Logarithms

Definition: A function f is called a one-to-one function if it never takes on the same value twice; that is f(z1) # f(x2)
whenever x; # .

The Horizontal Line Test: A function is one-to-one if and only if no horizontal line intersects its graph more than once.

Definition: Let f be a one-to-one function with domain A and range B. Then its inverse function, denoted f~*(x),
has domain B and range A and is defined by f~'(y) = 2 <= f(x) =y for any y in B.

Since y = a” is a one-to-one function, it has an inverse which is called a logarithmic function with base a.
log,z =y<=a’=x

Notes:
1. The most convenient base for exponential functions in calculus is e, the inverse of this is the natural logarithm,
i.e. the logarithm with base e. The natural log is denoted by In x.

2. When no subscript is written it is understood the base is 10. This is called the common logarithm.

1
3. Change of Base Formula: For any positive number a(a # 1), we have log, z = i

Ina

Examples: Evaluate.

1. log, 16
Solution:
log, 16 =y = 2Y = 1616 = 2" soy = 4 .".|log, 16 = 4

2.1 1

. 10 -
&4 64
Solution:
1 1, . 1

1og4@:y:>4y:6—4:4—3:4 soy=—3.. log46—4:—3

Inverse Properties of Exponential and Logarithmic Functions:

1. log, (a®) = x for every x € R.
2. a'°%® = g for every z > 0.
Examples: Evaluate.

1. log, 25719

Solution:

Using Inverse Property #1, log, 252+9 —

2. log 107 +32+1

Solution:

Using Inverse Property #1, log 1073741 — |22 4 354 1

13



Properties of the Logarithms: If x and y are positive numbers and r is any real number,

1. log, (zy) = log, x + log, y
x

2. log, (y) =log, x —log, y

3. log, (z") = rlog, x

Examples:
#1-2 Use the properties of logarithms to expand the quantity.

1. logs (°/9x +8)

Solution:
logy (2° /92 + 8) = logy ° + logs /(92 + 8), using property # 1

1
logy #° + logs /(92 4 8) = 5logy = + 3 logs (92 + 8); using property #3

1
.| logs (2°¥/9x + 8) = 5logs = + 3 logs (92 + 8)

5 1 (m(2x2 + 5)3)

Vhat +7
Solution:
x(2x2 + 5)3> 2 3 . .
In| ——= ) =Inz+1In (22" +5)° — In/5x* + 7; using properties #1 & #2
< Wi ( ) Y% g prop #1 & #

1
Inz +1n(22° +5)° —Inv/524 + 7 =Inz + 3In (222 +5) — 3 In (52* + 7); using property #3

N (m(2x2 +5)3
' Vbt + 7

1
) =Inz+3In(22% +5) — 51n(5a:4+7)

#3-4 Use the properties of logarithms to rewrite each expression as the sum, difference, and/or multiple
logarithms.

2
3. 21n(x2+6)+31n(5x—|—4)—gln(m‘—?)

Solution:
2
21n (2% 4 6) + 31n (5x +4) — 3 In(z—7) =In (22 +6)% +In (52 4+ 4)> — In (z — 7)%/3; using property #3

In(z2 +6)2+1In(5z44)° —In(z — 7)) =In ((z* +6)*(5z +4)°) —In(z — 7)2/3; using property #1

2 2 3
In ((z® + 6)*(5z + 4)*) — In (z — 7)2/3 = In ((x ?6) (;;f/j 4 >; using property #2
T —

B 21n($2+6)+31n(5z+4)gln(x7)1n<

(22 4 6)2(5x + 4)3>
(. —7)2/3

14

of



1
4. 3(2logy (92 4+ 1) + log, (x + 3)) — 3 log, (22 + 1)
Solution:

1 1
3(2logy (9 + 1) + log, (z + 3)) — 5 log, (22 +1) = 6log, (92 + 1) + 3log, (z + 3) — 3 log, (2% +1)
1
6log, (92 + 1) +3log, (x + 3) — 5 log, (22 + 1) = logy (92 4 1) +log, (z + 3)% —log, (2 + 1)'/2; by property #3

log, (92 +1)% + log, (z + 3)% — log, (2% + 1)1/2 = log, (92 + 1)%(z + 3)®) — log, (2* + 1)Y/2; by property #1

(9z + 1) (z + 3)3

log, (92 + 1)%(z + 3)®) — log, (z* + 1)Y2 =log, ( ); by property #2

(22 +1)1/2
1 (92 +1)5(z + 3)3
|3 (2logy (9 + 1) + log, (z +3)) — B log, (z° + 1) = log, ( (22 +1)1/2
6.2 Exercises
#1-4 Evaluate. arithms.
1. Inl 9. log (:c3 V522 ¥ 9)
2 1 6 1— 3\7
2. Ine 10. logs (z®+1)°(1 —2°)
(22 4+ 2 +1)°
3. log 100 . VvVt 19
| 1 ' (3 4+ Tx)5/2x + 1
4. log, (>
4 1o 1 o (BT —8)°
' (7o + 11)2

#5-8. Simplify each expression.

#13-16 Use the properties of logarithms to rewrite the

6
5. Ine expression as a single logarithm.

6. In !0 +7 1
e 13. 41n(m+8)+21n(x5+9)—iln(?)ac—ﬂ

7. log 10%*

©8 14. 2[111(2334—11)—&—111(3:74—1)} —5ln(z —9)
8. logs 3V Tt 1
15. 3 log, (5 — x) — 4log, (5x + 8) — 3log, (2% + 2)

2
#9-12 Use the properties of logarithms to rewrite each 16. 3 log (9x + 1) — 5[log (x +2)+log (z + 3)}
expression as the sum, difference, and/or multiple of log-

15



7 Evaluating Trigonometric Functions

7.1 Reference Angles

Definition: A reference angle is the acute angle formed by the terminal side of the angle ¢ and the horizontal axis.

Recall: The 30-60-90 Right Triangle Recall: The 45-45-90 Right Triangle

How to Determine a Reference Angle: To determine the reference angle of:

1. an angle in Quadrant II it would be m — ¢.

2. an angle in Quadrant III it would be t — 7.

3. an angle in Quadrant IV it would be 27 —t.

Note: If your angle is less than 0 or greater than 27 add or subtract 27 as many times as you need in order to
determine an equivalent, coterminal angle that is between 0 and 2.

Examples: Find the reference angle of:

s
3
Solution:
5 5 6 5
°T s in Quadrant IV. Therefore, the reference angle is 27 — or _ 0w _ M _ |7
3 3 3 3 3
) 1
Solution:

17
Notice, Tﬂ > 2m. Therefore, first determine a coterminal angle.

. 1770 . 17« 170 12w 51
An angle coterminal to 5 55 M= — - — = —

6 6 6 6
5 5 6 5
Now, 2T is in Quadrant II. Therefore, the reference angle is m — or_2m | T
6 6 6 6 6
How to Evaluate Trigonometric Functions Using Reference Angles
Note: Recall the Quadrants, A-S-T-C, SOH-CAH-TOA, and the reciprocal identities.
1. Determine if the angle is between 0 and 2, if not find an angle coterminal to this angle that does.
3. Determine the Quadrant in which the angle lies.
4. Determine whether the trig function is positive or negative in that quadrant.
5
6

. Find the reference angle.
. Evaluate the trig function using the sign, the reference angle and comparing to the abovementioned standard
right triangles.

Example: Evaluate.

107
3. <1 -
(1)
107 . 10w _ 10 67 4j

T
Solution: Notice, that —— > 27 , so an angle coterminal to =5 is =5 - 27 3 3 3

10 4 4
.. sin (J) = sin (;) and the angle g lies in Quadrant III. sine is negative in Quadrant III.

16



dr 3w

4
The reference angle is Bl N )
3 3 3 3

*. sin 1077r = sin 41 ——Sin(z
o 3 ) 3) 3

Trigonometric Functions of Quadrantal Angles:

2

N———
Il
w

Recall the unit circle (shown in the image below). Along the unit circle the coordinates (z,y) = (cos,sinf). Us-
ing this information, your trigonometric relationships, including the reciprocal identities, you may easily evaluate

trigonometric functions at quadrantal angles.

Example: Using the unit circle evaluate all six trigonometric functions (sine, cosine, tangent, secant, cosecant, and

cotangent) given the angle 0 radians.
Solution:

At 0 radians, the point on the unit circle is (1,0) .". (1,0) = (cos0,sin0)

cos0=1and sin0=0

17



in0 O 0
tan(0 = sy 0 and cot0 = C,OS = undefined since sin0 = 0
os0 1 sin 0
1 1 . .
sec0 = = — =1 and csc0 = —— = undefined since sin0 = 0
cos(0 1 sin 0

7.2 Exercises

Given the following angle, evaluate all six trigonometric functions (sine, cosine, tangent, secant, cosecant, and cotan-
gent). Do NOT use any electronic device!

T
1. —
2 s
11. —
4
2. 2% 11
12. =8
6
3
3. i
5 13. 27
4. 21
6
1
1 B
5.
97
; 71 15. T
"6
i
16. —
7. 51 3
"4
. 41 17. 5w
3
57
. 31 18. o>
2
11
. 19. 7”
10. —
3

18



8 Inverse Trig Functions
Recall: Only functions that are one-to-one have inverse functions. Trigonometric functions are not one-to-one, but by

restricting the domains of the trigonometric functions we can make them one-to-one and the restricted trigonometric
functions will therefore have inverse functions.

8.1 Restricted Trig Functions & their Inverse Functions:

1. y= sinx;—g <zx< g 1. y= sin"lz = arcsinx; where —1 <z <1
E S
2 1y
% |
le i i x\l
—1 —-0.5 0.5 1
s
-z |
us
2

1

2. y =cos ~x = arccosx; where —1 <z <1

I

19



T T
3. y:tanx;f§<x<§ 3. y = tan" !z = arctan z; where z € R

ISE
‘

—10 -5 5 10

Examples: Evaluate without using a calculator.

1
1. in|—=
arcsin ( 5

Solution:

. 1 T . ( 7r) 1 d th ¢ i e T
resin ( —- | = ——|sin(——= ) =—2 an ran, = arcsinz is —— -
arcs 5 Gls 5 5 @ erange of y = arcsinz is —o <z < o

V3
2. arccos | ———
2
Solution:
3 5 5 3
arccos (—{) = % " cos (g) = —g and the range of y = arccoszis 0 <z <7

3. lim arctanx
Tr—r 00

Solution:

. T
lim arctanz = —
T—00 2

8.2 Exercises

#1 - 10 Find the exact value of each expression without using a calculator.

! (‘\/§>
1. arcsin -

2. cos ! (—1)

3. tan™! (\%)

4. sec™t(2)

20



5. arctan (1)

1

6. sin~* <_\/§>

1
7. —=
arccos ( 2>

8. cot™! (,\/g)

. ( 77r>)
9. arcsin | sin 5

10. tan (tan™" (10))

#11 - 15 Evaluate the limit.

11. lim arctanzx
Tr—r— 00

1
12. lim arctan ()

z—3+ r—3

1
13. lim arctan ()
z—3~ -3

14. lim tan~! (Inz)

rz—0+
. . 1— a2
15. xlgr()lo arcsin (1 T 2z2>

21



9 Differentiation Techniques

9.1 Differentiation Rules

Theorem: The Product Rule Let u and v be differentiable functions of x, then {uv} =uv+w'|

Examples: Find the derivative.
1. y =e"arctanx

Solution:

% _ D (o) arctanz + e” - (arctang) = e” arctanz + €% | —
—~ = — (&%) arctanx + e — (arctanz) = e® arctanx + e | ——
de dz dx 1422

dy * aret n e’
| == =e®arctanz + ——
dx 1422

2. y = (Inz) (42° 4+ 9z + 8)

Solution:

dy d 3 LA _ Ly 2
I = 7 (Inz) (4 +9x+8)+lnxdx (4 +9x+8)fx(4g: + 92 +8) + (Inz) (122° + 9)
dy  42° + 97 +8
ldx z

+ (Inz) (122° +9)

. . . . dru u'v — uv’
Theorem: The Quotient Rule Let u and v be differentiable functions of x, then | — [f] = —

dr lv

02

d
Examples: Find ey
_— dx

3 4= 5cosx
Y= S
Solution:
dy %(5 cosz)(z? +1) — 5(305@%(9:2 +1)  (—bsinz)(a? 4+ 1) — 5cos z(2x)
de (z2 +1)2 N (2 +1)2
ldy (—5sinz) (2% + 1) — 10z cos =
dr (2 +1)2
9tanx
4, = AT
225 —3r+1
Solution:

dy  f=(9tanz)(22° =3z +1) —9tanz L (22° =3z +1)  9sec?x(22° — 3z + 1) — (Ytana)(102* — 3)

dx (22° — 3z + 1) (225 — 3z + 1)
| dy _ 9sec®x(22° — 3x + 1) — (9tanz) (102" — 3)
ldr (2% — 3z + 1)

Definition: The Chain Rule Let f and g be functions. For all x in the domain of g for which g is differentiable at x

and f differentiable at g(x), the derivative of the composite function is: 4 (f(g(x) = f'(g(x)g'(z) |

dx
d dy d
Alternatively, if y is a function of u, and u is a function of x then & _
dx  dudx

22



Examples: Differentiate.

5.y =/ Tx3 — 6z + 11.

Solution:
d 1 - d
2= (12 ez 11) M (70

—6x+11):%

dy 1

- dr 4

(72 — 62+ 11)"*/* (2122 — 6)

6. y =In (725 — 42 + 22 + 16)

Solution:

dy 1

1

i (7366 — 42?4+ 2% + 16) =

dr ~ T26 — 425 + 22+ 16 dx

dy  422° — 202" + 2z

- de Tz — 425 + 22 + 16

9.2 Exercises
Differentiate.
1. y = (5x + e) sin (9z)

_ 1022 — 4z + 3
N 5 — 3z

3. y = rln(52% + 1)

4. y=v/at+5z+9nx

6721
5. y—x2_4
(z+1)(z—2)
6. y= 2T N7
Y 7 — a3

7. y = —6sec (4x)

8. y = Tesc(x?) — 2cot (mz)

9. y= 8(x4+5:1c)10

10. y = 2¢ 27" (4—Inz)”®

11. y =sin (22° — 22+ 7)

12. y = sec (229)

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

y = cos® (sin (3z%))

y = el5a?+2z

y = e 3% sin (3x)

y = In(z* — 322 + 24)

y=2?"Invz22 + 22 + 18
4

et +e "

y = sin'? (tan (32°))

y:

y =4sin (Inx)

y = 5cot (e7)

y = —3csc (4x)

y = €5 tan (8x)

y =1In (723 + 5z — 19)

y = In (cos (7))

23

726 — 425 + 22 + 16

26.
27.
28.
29.
30.
31.
32.
33.
34.
35.
36.
37.

38.

(72° — 62+ 11) /" (2122 — 6)

- (422° — 202" 4 2x)

y = (In (42%)) 12

y = cos (sinx)
y = sin'” (cos (7x))
y = cos'® (tan (323))

y = In(8z* — 1122 + 3)

y=v2z3-3x+1

y = e6zz+5z—7

y =+ In (11 + 922)
y = 92 csc (Tx)

y = cos* (7z)

y = tan (V)

y = sin'” (sin (22°))

y=e *In2+a°



10 L’Hopital’s Rule
10.1 Theorems & Methods

Theorem: L’Hopital’s Rule 0/0 case Suppose f and g are differentiable functions over an open interval containing ¢

li
except possibly at c¢. If lim f(z) =0 and lim g(x) = 0 then | lim M = lim ()
T—c z—c T—c g(a:) T—c g’(x)

assuming that the limit on right exists or is +00. The result also holds for one-sided limits or if ¢ = +o0.

Theorem: L’Hopital’s Rule co/oco case Suppose f and g are differentiable functions over an open interval containing

/
¢ except possibly at ¢. If lim f(z) = £oo and lim g(z) = £oo then | lim @) = lim )
T T—e z—e g(x)  a—e g'(z)

Examples: Determine the limit.

1 lim 222
rz—1 4 — ]_
Solution:

Notice, this is a 0/0 case. While you can factor and simplify, we can also apply L’Hépital’s Rule.

. 2x—2 g .. 2 2
lm = o T o) =[]

2 _
9 lim 21
x~>o<>23;‘2+1

Solution:

. - o2 =1, 2z .11
Notice, this is a co/o0 case. mlgn;c W1 xlin;o YT mlin;o 5=|3

Inx

3. 311—>mlx—1

Solution:

Notice, this is a 0/0 case. lim
x—1 o — 1

T
. . U . €° LH .. € L . €
Solution: Notice, this is a co/oo case. lim — = lim — == lim — =
z—00 12 z—00 2 z—00 2

Indeterminate Products & Indeterminate Differences:0 - 0o, 0o — oo
In order to determine if a limit exists or does not exists, to handle these indeterminate forms, the strategy is to re-write
the expression to attain one of the indeterminate forms % or 22 and then apply L’Hopital’s Rule to evaluate the limit.

Examples: Determine the limit.

5. lim zlnx

z—01
. . .. . Inx . . Inz
Solution: Notice, this is a 0 - —oo case, so first, rewrite f(z) = zln ras— ., llm zlnx = lim —
T z—01 rz—0t T
1 2
Inx = -z
Now, this is a —oo/c0 case. lim — == lim —*—5 = lim — = lim —z = @
z—0t T z—0t —IT z—0t T z—0t

24



6. lim (secx —tanz)

z—(7/2)~
Solution:
sinz 1—sinz
Notice, this is a co — oo case.  lim  (secz — tanx) lim < — > = lm ——
z—(m/2)~ a:~>(7r/2)* COST COST z—(m/2)- COST

1—sinx —cosx 0

Now, this is a 0/0 case. ~ lim ——— M Qim =

z—(m/2)~ COST z—(r/2)- —sinx 1

Indeterminate Powers: 1°°,0°, oo

Assume that the limit exists and set it equal to y, then take the natural logarithm of both sides. Since the natural
logarithm is a continuous function, you may interchange the limit and the natural logarithm. Rewrite the expression
to achieve an indeterminate form of % or 2 so that you may apply L’Hopital’s Rule to evaluate the limit. Then

solve for y.

Example: Determine the limit.

7. lim (1 + sin (4x))°""

z—0+t
Solution:
Notice thisis a 1% case, soy = lim (1 + sin (42))°>** . Iny = In < lim (1 + sin (4:v))°om> = lim In {(1 + sin (4z))***
r—0+ r—0+ r—0+

S.Iny = lim (cotx)In {(1 + sin (43:))} and this is a 0 - co case.

z—0t

In [(1 +sin (433))}

S.lny = lim and this is a 0/0 case.

z—0+ tan x
| n|(Utsin(a)) |, fels 4()
Slny = lim = lim ———* = lim - = =
=0+ tanx z—0+  sec?x z—0+ sec? z(1 + sin (42))  1(1+0)

shy=4=y=¢'| lim (1+sin (41:))00“6 =t
x—0+

10.2 Exercises

Find the limit.

. 22+ x—6

1. lim .

=2 T —2 10. lim z°e™*

Tr—r 00
sin (4z)

2.1 . *

z—0 5z 11. lim —

1 —sinx et

3. lim ———— Ve-peud
4. lim = z _ g

%0 327 13, Tim 23

10z + 25 e

5. lim L ) 1 1

z——5 x4+ 5 14. lim [ = —

9 z—0t \z e*—1
6. i z° — 16 . .
cmy 322 — 37 — 60 15 mliféh sinzlnzx
3zt — 4z Inx

7. lim ———— :

o360 272 — Bt 16. zi%h cotx

528 4+ 18 . 22

8. 1 - 17. lim x

o0 628 + 723 + 1 T30
o pLm 7 18, lim (1+ ﬁ)bw

25



11 Integration by Substitution
11.1 Method: u-sub

Method of Integration by Substitution: /f’(g(x))g’(x)da: = /f’(u)du; where u = g(z) |.

Let u be a function of x; usually part of the integrand.
Find the differential.

Convert the integral to a u-variable form.

Integrate.

Substitute back so the anitiderivative is a function of z.

s o=

Examples: Integrate.

1. /xQ\/x?’ + 5dz

1
Solution: Let u = 2% 4+ 5 . du = 322dz so gdu = 2%dx

/ 2V a3 + daj—/ u2du =

1
2. d
/5x+6 v

1
Solution: Let uw = 5z + 6 .*. du = 5dx so gdu =dx

1 11 1
/ d;,;:/f Ldu=1 1n\u|+0= = In[5z + 6

2

3/2
g (@ +5)

2
st 4O = +C

_1
33

dx + 6 5

b g(b)
Change of Variables for Definite Integrals / flg(2)d (x)dx = / f(w)du; where u = g(z) |
a g

Examples: Evaluate.

1
/ Inz

1
Solution: Letu—lnx,',du:fdxandx:1:>u:1n1:0andx:e:>u:1ne:1
1 1,1 1
/ﬂdx—/ udu = ~u? 7(1—0):
2 lo 2
T
4. ——dx
/0 V1 + 222

1
Solution: Let u = 1 + 222 -, du = 4zdx so Zdu = xdx

andz=0=u=14+20)=1landz=2=u=1+2(4) =9

2 9 9
w 11 | 1 9 1
/o Ttz /14ﬁu /14u Y 4<“ )1 Pk 2(‘[ ‘[)

26
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11.2 Exercises

# 1-13 Find the indefinite integral.

1. /595\3/x2 + 1dz

cos\/3x+2dm
\V3x + 2
g /sec2 (Inx) i
n /3x+7
1+ 22
> /1—1—64qc
6. /4x csc (5x?) cot (5t )dx
/:c +2
x4 + 82 du
1
2 [
8. /xcos(m +1)+x2+1d:ﬁ
1
9. d
/8x+9 v
1
10. _—
0 /2+8x2dw
arcsin x
11. ——dx
V1—2a2

12. / =T dy

13. / (4cos® (z) + 6 cos® (z) — 8) sinzdz

# 14-15 Evaluate.

/2
14. / cos x sin (sin x)dx
0

2
15. / x(z? —1)°dx
1



12 Parametric Equations

12.1 Definitions & Guidelines

Definition: Parametric equations are a set of equations, say « = f(¢),y = ¢(t), as functions of an independent third

variable.

Example:

1. Sketch the parametric curve for the set of parametric equations x = t2 —4t,y = t—1. Be sure to include orientation

of the curve. Then find an explicit relationship between x and y by eliminating the parameter.

Solution:

y=t—1=1t=y—1.. by substituting this into the equation for x the explicit relationship is

r=(y+1)2—4t+1) . o= (y+1)(y—3)]

Guidelines: How to determine a set of parametric equations for a given curve:

2 2
x

L. ellipse — + ¥y _ 1, counter-clockwise: x = acost, y = bsint, 0 <t < 27w
a

b2

2. circle 22 + y? = r?

, counter-clockwise: x = rcost, y =rsint, 0 <t <27

3. line segment from (zo, yo, 20) to (z1,y1,21), 7(t) = (1 — ) < xo,Y0,20 > +t < x1,y1,21 >, 0<t <1
doy=[fx),z=ty=[f()

Example:

2. Find a set of parametric equations that represent traveling clockwise around a circle centered at the
with radius 3, twice.

Solution:
A circle centered at the origin with a radius of 3 has an equation 22 4+ y? = 9
Since it is indicated that the orientation is clockwise the form of the parametric equations are

r=rsint,y =rcost,0 <t <27

28
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Also, it indicates that the the circle is being traveled twice, which indicates the frequency of the trig functions is 2.

oo =3sin(2t),y =3cos(20),0 <t < 27

Note: One may check by using this set of parametric equations and determining the explicit relationship to
ensure that it is 22 +3%2 =9 .

12.2 Exercises

#1-2 Sketch the parametric curve for the set of parametric equations. Be sure to include orientation of the curve.
Then find an explicit relationship between = and y by eliminating the parameter.

1. z =cos20, y =sin20; 0 < 6 < 27

2. x=+t,y=t—>5

# 3-6 Find a set of parametric equations that satisfy the given information.
3. circle with center (2,3) and radius 4

4. ellipse with vertices (410, 0); foci (£8,0)

5.y =4z +1,t = —1 at the point (-2, 7).

6. y = 22, t = 4 at the point (4, 16).
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13 Polar

13.1 Conversion Formulas & Graphing

Polar to Rectangular Coordinate Conversion: |z = rcosf and y = rsinf

Examples: Convert from polar coordinates to rectangular coordinates.

2T
1. |5, —
<,3>

Solution:

(5%
27 2
2 ()

Solution:

x=rcosf .. x=—3cos (35) =-3(0)=0
. . (3
y=rsinf . x = —3sin (2) =-3(-1)=3

(0,3)

Rectangular to Polar Coordinate Conversion: |tanf = Y and 12 = 22 +92
T

Examples: Convert from rectangular coordinates to polar coordinates.

-7V3 7
5 (2’_2>

Solution:
49-3 49  4(49)
2 _ .2 2. .2 _ 2 _ _
rt=ux +y,,r—74 +4 I 49, so r = £7
—7/2 1

First determine the reference angle: 6,.y = arctan ‘L’ — arctan <> = 2

~7V3/2 V3 6

7

Notice that the point is in Quadrant III. Therefore, with r = 7,0 = % and with r = —7,0 = %

7
. <7, 67T> = (77, %) Please note that there are other equivalent possibilities as 6 could also be negative.
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n (—1,\/??)

Solution:

=2 4y? P =143=4, sor==42

3
First determine the reference angle: 0,..y = arctan ‘ il‘ = arctan (\/g) = g

2
Notice that the point is in Quadrant II. Therefore, with r = 2,0 = g and with r = —-2,0 =

3 3

2 5
(2, 7T> = (—2, ﬂ) Please note that there are other equivalent possibilities as 6 could

Methods for graphing polar equations:

1. Convert to rectangular equation

2. Make a table of values

3. Recognize a special polar graph (see information on special types below)

4. Use technology (you will not be allowed to use technology on your exams!).

Special Polar Graphs:
A. Limagons — Form: r =a +bcosf or r = a+ bsinf for a > 0,b > 0.

1. For a < b we have a limagons with an inner loop
2. For a = Izlwe have a cardiod
3. For 1 < 7 < 2 we have a dimpled limagon

4. For % > 2 we have a convex limacon
B. Roses — Form: r = asin (nf) or r = acos (nf), n > 2

1. Petal length = |a|
2. the number of petal is n if n is odd and 2n if n is even.

%S

3

also be negative.

3. Tip of first petal when form has cosine is always at § = 0 (since this is when cos (nf) = 1).

4. Tip of first petal when form has sine is % = 5 (since this is when sin (nf) = 1)

C. Circles — Form r = acosf or r = asin 6

D. Lemniscates — Form r? = +a?sin (260) or r? = 4a? cos (20)
1. Graph looks like a figure 8.
2. For sine, it will be symmetric about the pole, where tips will be at either 7 and %’T or %”
on the sign being positive or negative; respectively.
3. For cosine, it will symmetric about the polar axis, where tips will be at either 0 and 7 or 7
on the sign being positive or negative; respectively.

31
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Examples: Sketch the graph of the polar curve.
5. r=3

Solution: Notice, that r is fixed, but 8 can be any angle.

Notice, also that the corresponding rectangular equation
would be: r:3:>7a2:9:>x2+y2:9

6. r =4sin6

Solution: This is the form of a circle.

Notice, that over the interval [0, 27]
the circle is traveled twice. In addi-

0 0 tion, the corresponding rectangular
z 2 equation would be:
z 4
57 2 r=4sinf = r? = 4rsinf
6 =224y =dr=2—4x+9y°=0
™ 0 =224y =4
s -2
6
%ﬂ —4 Notice, that this equation corre-
1ir | —9 sponds to the plot; a circle with
6 center (2,0) and radius 2.
2w 0

7. 7r=3+3cosb

Solution: Notice this is the graph of a limacon with a = b so it is a cardiod.

H

O NI W i O I W kg O

N |l |l | sl5 | 3 ool ot [t | ©
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8. r =5sin (26)
Solution: Notice, this is the equation of a Rose.

Identify from the equation: a =5 and n = 2
Petal length is a =5

n is even so the number of petals is 2n .. 4 petals.
T

2
Spacing between petals is —

2
Location of the tip of the first petal is when:

T T
20=—-.60=—

2 4 3m bw 7

) . m 37 5w Tmw

Locations of Petal Tips: VRV

9. r? = 165sin (260)

Solution: This is the equation of a lemniscate.

Since it is sine, it will symmetric about the pole.
Notice, the sign is positive, therefore, the graph
looks like a figure 8 that is symmetric about the pole
3T

where the tips will be at Z and 1

13.2 Exercises

# 1-2 Convert from polar coordinates to rectangular co-
ordinates.

47
3

L (-
57T)

2. (8, ——

(5%

# 3-4 Convert from rectangular coordinates to polar co-
ordinates. Find two representations for the point in polar
coordinates where 0 < 0 < 2m.

3. (=5,5)

33

4. (f\/é, 71)

# 5-8 Sketch (by hand) the graph of the polar equation.

5. r=06cost

6. r=343sinf
7. r =4cos (20)
8. r = 5sin (46)



A Answers to Exercises

A.1 Section 4.2 6. 1 U/ (9z +1)2
. 10 =, =
(62— 1) *\@+2P@+3p
" 2(5xd —4)
5 = 5)
" 2(x +4) A.4 Section 7.2

3

1. sin (g) = 1,cos (—) = 0,tan (g) —

2
A.2 Section 5.2 ™\ = ™ _ T\ =
undefined, csc (2) 1, sec (2> undefined, cot (2)
Ly=(r+3)>*+2 0
5)" _ 103 2. sin 2—71- = ﬁcos 2—71- = ——,tan 2—71- =
23“/:_(”3_2) e 3 2 %\ 3 \[2’ 3) °
21 2 2v/3 2
=2 2)2+1 - nidd - =2 _ =9 td) _
.y=2x+2)°+15 37050(3) 7 3 (3)
4. y=-3(x—1)2-11 2, cot <27T _ L _ Vv
3 3
57
5 y=2(33+1)2—§ 3 Sin(> L _ \/§COS<3W) _ _i _
4 V2 27 4 NG}
2
—i,t n 37T> = —1,csc (37T> = V/2,sec <37T) =
A.3 Section 6.2 2 4 4 4
V2ot (2T = -1
1.0 » €0 4 )
5 1 51 V3 5
2.1 Cosin (2T = L Ty _ V3 5T\ _
4 51n<6) 2,(:05(6> 2,tan<6>
3.9 1 ,@7 w5 — 2 sec o —
V3 3 6 6
4. =2 —ﬁ,cot om =—V3
2 6
56 5. sinm = O0,cosm = -—1l,tanm = O,cscm =
3 undefined, secm = —1,cot m = undefined
6. 10x° +7
6. sin 7—77 = —1 cos 7—7T = —ﬁ tan 7— =
1 3 s T
8. vV +1 ﬁ = ?,csc (6) = —2,sec (6) =
1 3 7
9. 310gm+110g (522 +9) —g,cot ((:T) =3
10. 6logs (@” + 1) + Tlogs (1 — 2”) = 9logs (2” +x +1) . <5W> L Ve (5”) - _
) ) ’ 4 V2 27 4 V2
- 4 _ 3 _Z 2 5 5 5
11. 2ln(x +9) —51In(z® + Tz) 3ln(2;1:+1) —i,tan O\ _ 1, csc OT\ — V32, sec oM\ _
) 2 4 4 4
12. <[40 (52 +9) +3In (2 — 8) — 2In (7w + 11)] _ V3. cot 5”) _1
’ 4
13. In (@*8)4@5 *9)2) (4 V3 (4r | (4x
V3r —17 8. sin 5 = —T,COS 3 = —i,tan 3 =
(22 +11)%(z" +1)2
14. ln( 7 Vesc(dmy - -2 _ 72\/5,Se Ay
(z—9) 3 V3 3 3
Vh—x Ar 1 V3
15. log, - —2,c0t | — | =—==—
(5 + 8)*(x3 + 2)3 3 V33

34



3 3 3
9. sin (;) = —1,cos (;) = 0,tan (;)
T

undefined, csc (

undefined, cot (

5 V3 5m 1 57
10. sin = ———,cos| — | = —,tan| —
3 2 3 2 3
3, csc 51 = —l = —2—\/§ sec 5—71-
’ 3 V3 3 3
5 1 V3
2ot | — | =——F==——F
3 V3 3
7

—
o
z.
=
/N
N
— B
3
"
|
|

Lo (ury v
27cos 5 —2,an 5

V3 117 5 117
= ———,cCc| — = —2,sec| —
6 ’ 6

V3 , cot (m> =-V3

Sl
w
w

2 6

13. sin2m = 0,cos2mr = 1,tan27 = O0,csc27
undefined, sec2m = 1, cot 2r = undefined

14. cot ’altlg—ﬂ'i'<z)*lo(z)
\f. oterminal to 5 1s\6f,sm 5) = 2,cs 5
s 1 3 s T
ot () = g5 = ee(G) = 2ee()
V3
ot =
9 (6) V3
15 terminal t 9—71-1‘E ‘in(z) = i
. cote al to 1 54,5 1 = NG
@ cos (E) = i = ﬁ tan (I) = 1,csc (I>
27 4) 2 o 27 4/) 7 4

1

e (5) = VReas ()

16. coterminal to =~ is (”)
. cotermina. O — 1S — Sln — =
3 © 33

V3
2 3
o (3) = Ve (5) = 5 = W (3)

2 V3
1 3
2, cot (z) =—= £
3 V3 3
17. coterminal to bmwism,sinm = 0,cosm = —1,tanm
0,cscm = undefined, secm = —1,cot m = undefined

51 ™ ™ ™
18 inal 7-77-(7):17 (f)
8 C(;termlna to 3 1s 5 sin 7T2 cos 7%
0, tan (7) = undefined, csc (7> = 1,sec <7)
2 - 2 2
undefined, cot <§> =0

35

1ir, 3n . (37
19. coterminal to —— is —,sin | — =

2 2 2

—1,cos 3T =0, tan 3T = undefined, csc 3m
2 2 2
—1,sec (327r> = undefined, cot (327r> =0

A.5 Section 8.2
iy
1. —
3
2. m
i
3. —
6
4.
3
iy
5. 1
i
6. 1
2T
7. —
3
™
8. ——
6
T
9. —
3
10. 10
i
11. ——
2
T
12. —
2
i
13. ——
3 2
14. - =
2
i
15. ——
6

A.6 Section 9.2
1. y' = 5sin (9z) + 9(5z + €) cos (9z)

—3022 + 100z — 11
(5 — 32)?

1029/8
5z2 +1

1
3.y = gx—”s In (5z% + 1) +

Vat + 52 +9

1
4.y = g(x4 + 52 +9)72/3(42% + 5) Inz + .

—2e72% (32 4 1 — 4)

r_
5.9y = @2 =17

6 ,_x4—2x3—6x2+14a:—7
Y (7 —a3)2



/

7.y = —24sec (4x) tan (4x)

/

8.y = —l4x csc (z?) cot (x?) + 27 csc? (mx)
9.y = 80(z* + 51)? (42® + 5)

6e=2" (4 — Inz)~*
x

10y = 422 (4—Inz) 3+

11. v = (10z* — 2) cos (22° — 22 +7)
12. 3 = 182% sec (227) tan (22)
13. y' = —722” cos® (sin (3z")) sin (sin (3z*)) cos (32*)
14. ¢ = (30z + 2)e'5e +27
15. i/ = =8¢ sin (3z) + 3¢ 3 cos (3x)
423 — 62
16. ¢y = ————
R oY
20
+1)
17. o = 1021°1 249 1 L
Ty 0z In (z° + 2z + 8)+x2+2x—|—18
—4(e® —e™ )
18. ¢ = —— 2
Yy (ea: +efx)2
19. y' = 180z* sin'! (tan (32°)) cos (tan (3z°)) sec? (3z°)
4 cos (Inx)
20. ¢y = ————2
Y x
21. y' = —5e” csc? (&)
22. y' = 12csc (4z) cot (4x)
23. y = 122¢5 tan (82) + 8¢5* sec? (8z)
212% +5
24, =
Y T a3 5w+ 19
25. ¢y’ = —mtan (rz)
11
24[111 (4x2)]
26y = ———
Y T
27. 3y’ = —sin (sinx) cos
28. ' = —119sin'% (cos (7z)) cos (cos (7x)) sin (7x)
29. y' = —1442” cos'® (tan (32*) sin (tan (32%)) sec? (32%)
3223 — 22z
30. Y = ————
YT Rt~ 112+ 3
1
3.y = 5(2:,;3 — 3z +1)7%/%(22% — 1)
32. o = (12z + 5)eb7 57

36

33. y =

34

35.

36.

37

38.

A
1.

10.

11.

12.

13.

14.

15.

16.

18.

A

1.

In(11+92%)  1823/2
2z 11 + 922
.y = 362° csc (Tx) — 632 csc (Tx) cot (7x)

/

y' = —28 cos® (7z) sin (7x)

1 _.
y = Z:c*d/4 sec? (Vx)
.y = 100x* sin” (sin (22°)) cos (sin (22°)) cos (22°)

/

y = —e “In2+ 5z

.7 Section 10.2
5

S G

In5—1n3

S ol

ab

.8 Section 11.2

185 (xQ n 1)4/3 e



2
2. Zsin (V3z+2)+C
3. tan (Inx) + C
3 2
4. iln(l—l—x ) + Tarctanx + C
1 2z
5. Earctan(e )+ C
1 4
6. fgcsc(5x )+ C
1 4
7. Zln‘x —&—83@‘—4—0

1
8. 3 sin (2% 4 1) + arctanz + C

Ne)

1
. 3lnfsz+o|+c
1
10. 1 arctan (2z) + C

11. % (arcsinz)® + C
12. ¢ +C
13. —cos*z —2cos®z + 8cosxz 4+ C
14. 1 —cos1
35

15. —
4

A.9 Section 12.2

0.5

3. x =244cost,y=3+4sint;0 <t <27
4. x = 10cost,y = 6sint,0 <t < 27
S.x=t—1y=4t—-3

6. x=t,y=1t>

A.10 Section 13.2

1. (3,V3)

2. (—4V/3, —4)
3T

3. (5\/5,4>

(2 7)
6
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B Recap of Basic Integration Rules

Let a >0
1. /kf(u)du: k/f(u)du
1w £ gwlan= [ swduz [ guda

3. /du:quC

[\

e~

un+1
"du = ; -1
/u U n+1+C,n7é

ot

1
./fdu=1n|u|+C’
u
6. /e“du:e“—l—C’

1
7. /a“du: —a"+C

Ina

®©

——

sinudu = —cosu + C

cosudu = sinu + C'

10. /secudu =In|secu + tanu| + C
11. /cscudu = —In|cscu + cotu| + C
12. /8602 udu = tanu + C

13. /cs02 udu = —cotu+ C

14. /secutanudu =secu+ C

15. /cscucotudu = —cscu+C

16. /tanudu = —1In|cosu| +C

17. /cot udu = In|sinu| + C

18. /\/% = arcsin (g) +C

19. /% = %arctan (g) +C

20. u\/% = éarcsec (Z') +C
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