MAT 295: Exam 2 Name: Caleb M*Whorter — Solutions

Spring - 2021
04/06/2021
80 Minutes

Write your name on the appropriate line on the exam cover sheet. This exam
contains 9 pages (including this cover page) and 7 questions. Check that you have
every page of the exam. Answer the questions in the spaces provided on the
question sheets. Be sure to answer every part of each question and show all your
work. If you run out of room for an answer, continue on the back of the page —
being sure to indicate the problem number.

Question | Points | Score
1 15
2 15
3 25
4 20
5 15
6 15
7 20
Total: 125
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1. (15 points) Compute the following derivatives:

d
(a) — 2°3%arcsinz

dx

x5 3

5% 3" arcsinx + 2° (3" In 3) arcsin z + —
-z

2 x
(b)i =+ e

dr 1 —sinxz

(1 —sinz)(2z + €*) — (— cosx)(z? + €%)
(1 —sinz)?

(© i arctan !
dz 11—z
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2. (15 points) Complete the following parts:

2

. .od :
(a) Find ] In(sin z).

1 cosx
— In(sinz) = cosx = —— =cotx
x sin x sin
d2
In(si = = —csc?
—— In(sinx) = —cotz = —csc”
dz dz

2021

d2021

2031 sin(2z) = 229! cos(2z)
x

(c) If f(x), g(x), h(x) are differentiable functions, find % Flg(a®) + f(=2)(h(z))™.

o) - g'(a?) - 20 + (  Fa) (b))’ + f()- 2h<x>h’<x>)
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3. (25 points) Complete the following parts:

tan(2
(a) lim M
=0 T + SsInx

. tan(2x) L, 2sec?(2z)  2sec*(0)  2(1)
lim ———~— =" lim = = =
e=0x +sinx 220 1+cosx 1+cosO 1+1

In(2 5x
) lim 2+
T—$00
56533
5z 5 . 5z b5x 5x
lim MLE‘ lim 2+e™ lim 56—%" lim 2be _ 25 :§
T—00 3z T—00 3 z—00 0O -+ 385Z T—00 1565z 15 3

(©) lim (2In(z) — In(32° + 5))

T—00

T—r00 T—00 T—00

2
lim 21In(z)—In(322+5) = lim In(2?)—In(32%+5) = lim In <x—5> —1n(1/3) = —In3

3r2 +
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(d) lim(1 + sin2z)Y/®
z—0

. H : 1/x
Y glﬂlir(l](l + sin 27)
Iny = lim In(1 + sin 2z)"/*
z—0

In(1 + sin 2z)

Iny = lim
x—0 x
2cos2x
Iny LH. lim 1+ sin 2z
z—0 1
. 2cos2x
Iny = lim —————
z—0 1 + sin 2x
2(1)
Iny=—~=*
Y150
Iny =
y=é
Inz L.H 1/.%
N xligl‘*' T /3 xli%l"' —%I_4/3

—" = lim -3¢z =0

z—0t
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4. (20 points) Let C be the curve formed by the points (z, y) satisfying the equation

e — ZE2 +y2

(a) Find @ onC.
dx

emy:xQ_’_yQ
d d
Ly 2 2
dxe d:p(x —|—y)

e (y+zy') =2z + 2yy
ye™ + xy'e™ = 2x + 2uyy
xy'e™ — 2yy = 2x — ye™
Y (xe™ — 2y) = 2z — ye™?

dy  2x — ye™
dr  zew — 2y

(b) Find the equation of the tangent line to C at (0, 1).

dy
dx

2z —ye™ _0—-1(1) -1 1
Cowew =2y, 0-2(1) -2 2

(0,1)

y = yo +m(x — x)

1
y:1+§($—0)

L4
=_—=x
y=3
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5. (15 points) A child is flying a kite a mere 10 ft above the ground. The kite is moving
away from the child at a speed of 1 foot per second. At what rate is the angle between
the string and the horizontal decreasing when 20 ft of string has been left out?

do
ﬂ We want e We know at the time in
question that ¢ = 20 ft, h = 10 ft, and
dD
( h o 1 ft/s. The side h is constant. And
we have. . .
[ D !/
i 5 cosé’zzsothat secézﬁ
First, we will want to find D at the moment in question:
? = D? + h?
202 = D? 4+ 10?
400 = D* + 100
D? =300
D =10V3
Then we have
tanf = ﬁ
D
10
tanf = —
an i3
d 1
— tanf = — —
at T w D
sec28d0 10 dD
dt D? dt

(B)u o
10V/3/) dt— (10v/3)2
o 10 (10V3)?

dt 400 (10v/3)2

de 1
% = _E ~ —0.025 rad/s
OR

One could also use the fact that tan6 = % so that D = hcot = 10cotf. Then 40 =
—10csc? 6. We know ¢ = 20 so that csc = {/h = 2 so that “D = —40. Finally, we know

that 22 = 1. Then 92 = 409 54 that 1 = —40 - 2, which gives the same solution.
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6. (15 points) A runaway red bowling ball rolls down a lane at a rate of 3 feet per
second directly towards a bowler. The bowler rolls a blue bowling ball in a direction
perpendicular to the path of motion of the red ball at a rate of 5 feet per second. At
what rate is the distance between the two balls changing when the red ball is 8 ft from
the player and the blue ball is 4 ft from the player?

dc ) )
We want pre We know at the time in

d
question that a = 8 ft, b = 4 ft, d_CtL =

—3 ft/sec, and % = b ft/sec.
We first find c at the moment in question:

& =a®+ b

=8 +4
2 =80
c=4V5

Now

dt dt dt
dc B da b db
‘a0 " dt

d

4\/5d—§ = 8(—3) +4(5)
dc B —4
dt 45
de 1
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7. (20 points) Consider the equation x* = 2 — 6z2.

(a) Use the Intermediate Value Theorem to show that this equation has a solution on

(b)

the interval [0, 1].

A solution to this equation is equivalent to a solution to x> + 6z* — 2 = 0, which is
the same as the function f(x) = x® + 62? — 2 having a root. The function f(x) is
everywhere continuous (it is a polynomial). Note that f(0) = —2 < 0 and f(1) =
5 > 0. Therefore by the Intermediate Value Theorem, there is a ¢ € (0,1) so that
f(e) =0, ie ¢ +6c—2=0sothat ¢* =2 — 62

Use the Mean Value Theorem to show that the equation has a unique solution on
the interval [0, 1].

If this equation had at least two distinct solutions on [0, 1], then f(x) would have at
least two distinct roots on [0, 1], call two of them ry,ro. Now f(z) is continuous on
[0, 1] and differentiable on (0,1) (note that f'(x) = 3z* + 12z). By the Mean Value
Theorem, there is a c € (0, 1) so that

f(r1) — f(ro)

!/ —
o) ==r—
0—0
3¢ +12¢ =
" —Te
3¢2+12¢=0
3e(c+4)=0

But then 3¢ = 0, so that ¢ = 0 or ¢ + 4 = 0 so that ¢ = —4. But neither of these
solutions is in the interval (0,1). Therefore, there cannot be two distinct roots for
f(x)in [0,1], i.e. by using (a), the equation z* = 2 — 6x* has a unique solution on
[0, 1]. Note this solution turns out to be ¢ ~ 0.552475.



