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E={(xy): vy =x>+Ax+B}U {0}









E(K)tors = Z/mZ @ Z/ng

E[m] = Z/mZ @Z/mZ









Theorem (Merel, 1994)

Let E/K be an elliptic curve with [K: Q] = d > 1 and p be prime. If
E(K) has a p-torsion point, then p < d>.

This was later improved by Oesterlé to (3%/2 + 1)2. In the case
over Q, Lozano-Robledo improves this to 24 + 1, p > 11 and
p #13,37.



S(d) := {p prime: 3E/K, p divides |E(K) tors, [K: Q] < d}
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®(d) := {Set of Isomorphism Classes of E(K)ors: [K: Q] = d}



®(d) := {Set of Isomorphism Classes of E(K)ors: [K: Q] = d}

Pq(d) € ©(d)






Theorem (Najman, Gonzélez-Jiménez, et al.)

Dg(2) = {Cy:n=1,...,10,12,15,16} U
{CzXCznii’l:1,...,6}

Do(3) = {Cy: 1,...,10,12,13,14,18,21} U
{C2 X Czni 1’1,1,2,3,4,7}

Do(4) = {Cy: n=1,...,10,12,13,15,16,20,24} U
{Cax2:n=1,...,6,8} U {C3xC3,:n=1,2} U
{C4><C4n:n:1,2} U {C5XC5}U{C6XC6}

@Q(5):{Cn:1’l:1,...,12,25} U {C2><C2n:n:1,..
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GALOIS REPRESENTATIONS

® Em=Z/mLsZ/mZ
e If o € Gal(Q/Q), then

[m](P?) = ([m]P)” = 07 = O

® Den: Gal(Q/Q) — Aut(E[n]) = GL2 (Z /nZ)



Possible images and indices of Galois representations are
limited by the work of Zureick-Brown, Clark, Zywina, Rouse,
Corn, Rice, Stankewicz, et al.






IDEA

Bound the torsion subgroup (by some large sum of Sylow
subgroups), then eliminate cases by isogeny, Galois
representations, and the Weil pairing.






Proof. 1f K contains E[n| = Z /nZ & Z / nZ, then Q({,) C K.



Lemma

Let K/Q be a number field of odd degree. Then E(K)ors cannot
contain full n-torsion for n > 2.

Proof. If K contains E[n] 2 Z / nZ & Z / nZ, then Q(¢,) C K. But
then

[K: Q(¢a)] [Q(¢n): Q] = [K: Q]
[K: Q(¢w)]¢(n) = [K: Q]



Lemma

Let K/Q be a number field of odd degree. Then E(K)ors cannot
contain full n-torsion for n > 2.

Proof. If K contains E[n] 2 Z / nZ & Z / nZ, then Q(¢,) C K. But
then

[K: Q(¢a)] [Q(¢n): Q] = [K: Q]
[K: Q(¢w)]¢(n) = [K: Q]

but ¢(n) is even for n > 2, a contradiction. O



Now K cannot contain full 7-torsion so that E(K)[7*°] = Z / 7"Z.
In particular, E/Q has a 7*-isogeny. But 7F > 49 for k > 1, which
is not a possible isogeny. Therefore,

E(K)[7*] S Z/7z






